In this paper, methods to achieve actively powered walking on level ground using a simple 2-dimensional walking model (compass-gait walker) are explored. The walker consists of 2 massless legs connected at the hip joint, a point mass at the hip, and an infinitesimal point mass at the feet. The walker is actuated either by applying equal joint torques at the hip and ankle, by an impulse applied at the toe off, immediately before the heel strike, or by the combination of both. It is shown that actuating the walker by equal joint torques at the hip and ankle on level ground is equivalent to the dynamics of the passive walker on a downhill slope. The gait cycle for the simplified walker model is determined analytically for a given initial stance angle. Stability of the gait cycle by an analytical approximation to the Jacobian of the walking map is calculated. The results indicate that the short-period cycle always has an unstable eigenvalue, whereas stability of the long-period cycle depends on selection of the initial stance angle. The effect of the torso mass by adding a third link attached at the hip joint is investigated. The torso link is kept in the vertical position by controlling the torque applied to it. The proportional-derivative control law is utilized to regulate the angular position error of the torso link. Using linearized dynamics for this walker, active control is applied to the ankle, which reduces the dynamics of the walker to the passive walker without the torso. The proposed walker is capable of producing stable walking while keeping the torso in an upright position.
Introduction
Legged locomotion has been chosen by nature due to its particularly good adaptation in natural terrains. Achieving successful biped locomotion relies on the coordination of mechanics and control. A good understanding of biped locomotion can be obtained by exploring passive walking mechanisms. A variety of passive and semiactive mechanisms were investigated by McGeer [1, 2] . These mechanisms suggest that achieving stable human-like locomotion does not necessarily require complicated motor control. For example, a planar mechanism with 2 legs connected at the hip joint can produce stable walking motion when released down a slight slope. It acts like a double pendulum with one leg (stance) in contact with the ground and the other leg (swing) free to rotate. This system exhibits a stable limit cycle, i.e. when perturbed slightly, it will return to its initial trajectory. Fully passive walkers can achieve downhill walking without any actuation and control. On the other hand, uphill walking or negotiating uneven terrain requires some control but is still relatively easy to achieve. Physical models of passive walking devices demonstrate their capability of producing stable human-like walking motion [3] [4] [5] .
The simplest special case of passive dynamic walkers was presented by Garcia et al. [6] . This model * Correspondence: safak@yeditepe.edu.tr had 2 rigid massless legs connected by a rotational joint at the hip, a point mass at the hip, and infinitesimal point-masses at the feet. Plastic collisions occurred between the feet and the ground during heel strike instants. The interference between the feet and the ground at the mid-swing phase (foot-scuffing) is ignored. This model exhibits stable 2 period-1 gait cycles for a range of slopes. Increasing the slope yields stable higher period gaits but the walking-like motions become chaotic through period doublings. It has been reported that these walkers are capable of walking near-zero slopes [7] . These walkers exhibit 2 gait patterns at arbitrarily small slopes, and the longer step gait is stable at small slopes.
Methods for actively powered locomotion of a simplest walking model were explored by Kuo [8] . One approach was to apply a toe-off impulse immediately before the heel strike; another was to apply a hip torque between the swing and stance legs. It was found that the toe-off actuation is advantageous compared to other types of actuation because it decreases the collision loss at heel strike. Other methods for active walking on level ground were also presented [9] [10] [11] . Studies in passive dynamic walkers have revealed that energy-efficient bipedal robots that can exhibit human-like locomotion could be built without very complicated controllers [12] .
A passive dynamic walking model incorporated with an upper body can be made to exhibit stable walking motion [13] . Chyou et al. [14] reported that adding a torso to the compass-gait walker improves stability and walking speed when walking downhill. Gomes and Ruina [15] demonstrated that by adding a swinging torso, the walker can be even made to walk with zero energy (no collision loss). Narukawa et al. [16] suggested an optimization-based control scheme for a planar biped walker with a torso and hip actuators. There have been studies that attempted to correlate results obtained from dynamic walking models with human gait data [17, 18] and identify human gait based on image recognition techniques [19, 20] .
In this work, a hybrid method to produce the stable walking of a 2-dimensional (2D) walker on level ground is presented. It is shown that applying equal joint torques at the hip and ankle joints can actuate the walker. This actuation method produces a motion trajectory that is equivalent to the motion of the walker on a downhill slope with the applied torque being equal to the amount of the downhill slope. Another actuation method is to use a toe-off impulse at the heel strike, as described by Kuo [8] . The presented hybrid actuation method utilizes the application of both hip/ankle torque and a toe-off impulse. For a given toe-off impulse, a corresponding hip/ankle torque that produces a stable fixed gait can be found. For the selected actuation method and initial walker configuration, the fixed gait is determined analytically. The stability of the fixed gait is analyzed by an analytical approximation method. The effect of the added torso on the stability and performance is investigated. The actively controlled torso is stabilized in a vertical position by a proportionalderivative (PD)-type control law. The application of a computed torque control at the ankle joint reduces the dynamics of the walker on the simplified 2D walker without the torso.
Powered compass gait walker model
The compass-gait walker model with the additional hip and ankle torques is shown in Figure 1 . The walker has 2 links with length ℓ , a point mass of M at the hip, and 2 point masses βM at the feet, where β is a positive constant. Three actuation methods are possible to achieve walking: 1) pure external torque inputs, τ 1 and βτ 2 , at the ankle and hip joints respectively; 2) a pure impulse force P at the swing foot just the before toe off; and 3) the hybrid actuation method, which is basically a combination of the torque inputs and impulse force. In the general case, the walker is on a ground slope of γ , the stance leg has an angle of θ with respect to ground normal (called stance angle), and the swing leg is at an angle ϕ with respect to the stance leg (called swing angle). Taking the limit as β → 0 (i.e. infinitesimal feet masses and infinitesimal torque applied between the stance and swing), the dynamics of the actively powered compass-gait 2D walker is expressed as:
Please note that the dynamic equations given throughout the paper use mass terms normalized by M , lengths normalized by ℓ , and time normalized by √ ℓ/g . Equations of motion (Eqs. (1) and (2)) can be linearized at about θ = 0, ϕ = 0, γ = 0,θ = 0 to yield an approximate simplified form, as follows:
The ground contact is modeled as a perfectly inelastic collision. McGeer showed that the postcollision state of the walker could be found using conservation of the momentum equations [1] . Garcia et al. [3] derived the state transition equations for the simplest walker model, and Kuo [8] modified these equations to include the effect of toe-off impulse P , applied to the stance foot, and directed at the center of mass:
where superscripts -and + indicate the conditions before and after the heel strike for that variable. The initial conditions of the walker are given by the following set of equations: 
Finding the fixed gait on level ground
Having the exact same gait pattern repeatedly at every step of the walker is referred to as a fixed gait. In order to find the fixed gait of the walker on level ground (γ = 0), simplified equations of motion for the 2D walker (Eqs. (3) and (4)) are solved analytically. Equal and constant torques, τ , at the both hip and ankle are applied. The solution to Eqs. (3) and (4) using the initial conditions in Eq. (6) gives the stance and swing angle trajectories:
This solution includes the initial stance angle and its derivative. The existence of a fixed gait depends on the selection of the initial conditions
and a set of actuation parameters (P, τ ). The period of the resulting fixed gait, T , also depends on these parameters. The applied torque and initial stance angular rate for a given set of the initial stance angle and toe-off impulse are found as:
When the actuation is given by a pure toe-off impulse, the hip/ankle torque will be 0 and the applied impulse will be its maximum, which is given by:
At the heel strike, the angular positions and rates of the walker transition to its respective initial conditions, as defined by Eq. (5). The existence of a fixed gait requires a compatibility condition to be met:
The fixed gait period, T , is obtained by solving this compatibility condition numerically.
Effects of the initial stance angle and applied toe-off impulse on the fixed gaits are evaluated. Short-period and long-period gaits are found (see Figure 2 ). The required hip/ankle torque varies with the applied impulse. The maximum amount of torque needs to be applied for a zero toe-off impulse, and maximum amount of toe-off impulse needs to be applied for zero torque. The short period increases with an increasing the impulse, whereas the long period decreases with an increase in the impulse. The short-period gait for the full impulse actuation is exactly equal to π .
Mimicking passive dynamic walking
The simplified equations for a passive dynamic walker going down a downhill slope θ 1 are obtained by the setting τ 1 = τ 2 = 0 in Eqs. (3) and (4) Figure 2 . Short-period and long-period gaits for the 2D compass-gait walker, simplified dynamics: a) short gait period, b) long gait period, c) required hip/ankle torque for stable walking on level ground (short-period), d) hip/ankle torque for stable walking on level ground (long-period), e) required toe-off impulse for stable walking on level ground (short-period), and f) required toe-off impulse for stable walking on level ground (long-period).
where θ 1 and ϕ 1 are the stance and swing trajectories. It is possible to obtain the same trajectory for a different slope with the application of a hip and ankle torque. Adding γ 2 − γ 1 to both sides of Eqs. (12) and (13) yields:
Eqs. (14) and (15) indicate that the powered walker with an applied hip and ankle torque τ = γ 2 − γ 1 on a slope γ 2 will follow the same trajectory of the passive walker on slope γ 1 . Although this observation is based on the simplifying assumption that the angles are small, simulations using the dynamic equations in the original form (Eqs. (1) and (2)) validate this method to some extent. Fixed long-period-1 gaits for the fully passive walker are computed first. It is known that the long-period-1 gait of the passive walker has stable eigenvalues [1] . The ground slope versus the fixed-gait stance angle is shown in Figure 3a . The passive dynamic walker trajectory on a level surface is obtained by applying a hip/ankle torque that is equal to τ = −γ 1 (see Figure   3b ). Simulation results based on the dynamic equations in the original form (Eqs. (1) and (2)) indicate that the active walker trajectory is almost identical to that of the passive walker. Initial stance angles resulting in a fixed gait in the actuated walker are plotted against those of the passive walker (see Figure 3c) . Simulation results are obtained for stance angles of up to 0.22 rad, after which stable period-1 gaits do not exist. Within this range, the maximum deviation between the initial stance angle of the active walker to that of the passive walker is 7.9648 × 10 −4 rad. 
Stability of the fixed gaits
The existence of a fixed gait does not guarantee its stability. The stability of a fixed-gait cycle can be determined by the eigenvalues of the Jacobian of the stride function, f. The stride function yields the same state of the walker after one step for a fixed-point q * , i.e. f (q * ) = q * . The Jacobian, J of the stride function has components, ∂f /∂q, which can be computed by evaluating the stride function f in a small neighborhood of the fixed-point q * . If all of the eigenvalues of the Jacobian are smaller than 1 in magnitude, the small perturbations to the fixed-point will decay to 0. Therefore, the system will return to its limit cycle and the fixed-gait cycle is asymptotically stable.
The Jacobian of the stride function can be numerically approximated by a method outlined by Coleman et al. [12] . In Section 2.1, the method for finding the fixed-gait of the hybrid-actuated walker is described. A fixed point,
, along with its gait period and hip/ankle torque can be found for given initial stance angle and amount of toe-off impulse. The system is perturbed to a new state, q 0 =
} from its fixed point as follows:
Let us assume the system follows a new solution given by:
Assuming that the simplified dynamics of the walker hold, the new solution satisfies Eqs. (3) and (4). It is shown that the perturbations satisfy the system.
The initial conditions for the perturbed variables must be compatible with the initial conditions of the walker states given by Eq. (6). Although there are 4 states of the walker, only 2,
when applying a perturbation to θ * 0 , the other variables must be selected as:
Using the initial conditions, the solution to the system of perturbation variables is found as (for perturbation to θ * 0 ): ∆θ(t) = ∆θ 0 cosh t ∆ϕ(t) = 
Similarly, when applying a perturbation toθ * 0 , the other variables must be selected as:
The solution to the system of perturbation variables for this case is as follows (for perturbation toθ * 0 ):
Let us expand the solutions to the perturbation variables, ∆θ(t), ∆ϕ(t) , and the fixed-gait variables, θ * (t), ϕ * (t), around t = T * , and evaluate at new gait period, T :
When the heel strike condition is imposed on the perturbed system, ϕ(T ) = 2θ(T ), one can solve for the perturbed gait period as:
Hence, the state variables at gait period T are found as,
} . By applying the heel strike transition condition given in Eq. (5), one can get the state after the heel strike, q * + . For each perturbed state, one column of the Jacobian matrix is found as:
Stability results for the short-period and long-period gaits are obtained (see Figure 4) . For the short-period gait, there is always an unstable eigenvalue. The unstable eigenvalue depends also on the selection of the applied toe-off impulse. The long-period gaits are stable for initial stance angles of up to ∼ 0.25 rad. The eigenvalues for initial stance angles less than ∼0.06 rad are real. Higher initial stance angles result in complex-conjugate eigenvalues; hence, absolute values for these eigenvalues are equal. Eigenvalues of the walker using the dynamic equations are presented. The difference of the eigenvalues that are computed by the analytical approximation method and by the dynamic equations is less than 0.011 in absolute value.
Powered compass gait walker with hip and torso mass
A third link is added to the walker model with an additional mass to simulate the effect of the torso mass. The link connected at the hip joint adds one more degree-of-freedom to the system. The walker is shown in Figure 5 .
The walker is actuated by joint torques τ 1 , βτ 2 , and τ 3 at the stance, swing, and torso links, respectively. The angular positions of the stance, swing, and torso links have relative angular positions of θ , ϕ, and ψ , respectively. Again the walker consists of infinitesimal point masses at the feet βM ; a hip mass M ; a variable torso mass αM , where α is a positive constant; and a moment of inertia I t , which is normalized by M ℓ 2 . The stance and swing legs both have length ℓ and the torso link has length r , which is normalized by ℓ . The dynamics of the powered walker with the hip and torso mass are found as: (
Knowing that the angles and their rates take small values, and the torso link is almost perpendicular, equations of motion (Eqs. (26)-(28)) can be linearized about the operating point θ = 0, ϕ = 0, ψ = π, γ = 0,θ = 0,ψ = 0 . Thus, the following set of linear equations is obtained:
Simultaneously solving Eqs. (29) and (31), and γ − θ +θ = 0 for τ 1 , and eliminatingθ,ψ gives:
When the ankle torque given in Eq. (32) is applied, the system reduces down to the unpowered passive walker,
given by Eqs. (3) and (4) . In order to keep the torso in a vertical position, a proper joint torque, τ 3 , needs to be applied. An error term is defined as the deviation of the torso from the vertical (Eq. (33)). A PD control action is utilized to minimize this error (Eq. (34)).
Heel strike transition equations
The ground contact is modeled as a perfectly inelastic collision. The angular positions of the walker just after a collision are found from geometry (stance and swing legs swapped). The angular rates are determined from the conservation of angular momentum conditions, which are:
(i) The angular momentum of the whole walker about the new contact point is conserved.
(ii) The angular momentum of the new stance leg (former swing leg) about the hip axis is conserved.
(iii) The angular momentum of the torso about the hip axis is conserved.
Hence, the angular positions of the links just after the heel strike are given by the following:
where the quantities with -superscripts indicate the values just before heel strike and those with + superscripts indicate the values just after the heel strike. The angular rates of the walker are given by the following: 
Fixed gaits and stability of the powered walker with hip and torso mass
The simulations indicate that the walker is capable of producing stable motion while keeping the torso in a vertical position (see Figure 6 ). The proposed control action (Eqs. (33) and (34)) is capable of keeping the error within a small deviation interval.
The stability and performance of the fixed gaits are investigated for varying walker parameters α , r, I t , and k = 10, c = 10 (see Figure 7) . The results indicate that stable walking is possible for I t values of 0, 4, and 8. For I t = 0, period-1 and period-2 gaits are observed for α values varied from 0.5 to 2. The transition from period-1 gaits to period-2 gaits is characterized by a maximum of the largest absolute eigenvalue ( Figure   7a ). The value of α at which the period-1 to period-2 transition occurs depends on other parameters; in the simulations, the transition seems to occur at around α = 1.5 . Below α = 0.5 and above α = 1.8 , the largest eigenvalue modulus takes an almost constant value. For nonzero values of I t , the period-1 to period-2 transition does not occur and the changes in maximum absolute eigenvalues with α and r are very similar (Figures 7b and   7c ). The maximum absolute error of the torso depends on the selection of α and r (Figures 7d-7f) . The higher the torso mass and its distance from the hip joint are, the higher the torso deviation error is. The highest of the torso error is still small, around 0.01 rad. The walking speed has a tendency to decrease with an increasing torso mass and its distance from the hip joint. For torso moment of an inertia greater than zero, the walking speed does not strongly depend on α and r (Figures 7g-7i ).
Conclusions
It is shown that the compass-gait passive dynamic walker can be actuated to walk on level ground by a combination of hip/ankle torque and toe-off impulse. An equal hip/ankle torque applied to the active walker on small uphill slopes can mimic the trajectory for the passive walker on a downhill slope. Eigenvalue calculations indicate that the hybrid actuation method produces stable walking on level ground.
The addition of the torso mass and the PD control action result in stable walking with the torso kept in a vertical position. The computed torque method for the ankle joint reduces the dynamics of the walker to the fully passive walker. The amount of added mass to the hip joint has an effect on its stability, although it is possible to obtain stable walking for a torso mass of up to twice the hip mass. The walker with a torso exhibits mostly stable period-1 gaits. For the point torso mass (I t = 0), certain values of the torso mass result in a transition from stable period-1 to period-2 gaits. The value of the torso mass, which gives transition from a period-1 gait to a period-2 gait, also yields a maximum of the largest absolute eigenvalue of the corresponding stride function.
In conclusion, the findings presented in this study can shed light on the design and development of walking-related mechanisms such as legged robots or walk assist devices. Analysis of passive walking devices such as the ones presented in this paper can also lead to a better understanding of the principles of natural walking.
